We investigate light-matter coupling in metallic crystals where plasmons coexist with phonons exhibiting large oscillator strength. We demonstrate theoretically that this coexistence can lead to strong coupling without external resonators in certain materials. A non-perturbative self-consistent Hamiltonian method is presented that is valid for arbitrarily large phonon-photon coupling strengths, i.e., in the vibrational ultrastrong coupling regime. We show that phonons can be controlled by tuning the electron density and the crystal thickness. In particular, a low-energy dressed phonon with large wave vectors arises in the case of quasi-2D crystals, which can in principle lead to changes of key material properties such as the electron-phonon scattering.
We investigate light-matter coupling in metallic crystals where plasmons coexist with phonons exhibiting large oscillator strength. We demonstrate theoretically that this coexistence can lead to strong coupling without external resonators in certain materials. A non-perturbative self-consistent Hamiltonian method is presented that is valid for arbitrarily large phonon-photon coupling strengths, i.e., in the vibrational ultrastrong coupling regime. We show that phonons can be controlled by tuning the electron density and the crystal thickness. In particular, a low-energy dressed phonon with large wave vectors arises in the case of quasi-2D crystals, which can in principle lead to changes of key material properties such as the electron-phonon scattering. Surface plasmon polaritons (SPPs) are evanescent waves propagating along metal-dielectric interfaces, which originate from the coupling between light and collective electronic modes in metals, called plasmons [1] . Thanks to the confinement of light below the diffraction limit [2] [3] [4] [5] [6] [7] , plasmonic resonators allow for the exploitation of SPPs to engineer strong light-matter coupling [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] . This is usually achieved by placing quantum emitters (excitons or phonons) in a dielectric region near the metal surface. In this case, SPPs play the role of the photons in usual cavity-QED setups, which has opened the way to breakthrough applications in material science and chemistry [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] in the strong and even ultrastrong coupling regimes. The latter corresponds to situations where the light-matter coupling strength reaches a few percent of the relevant transition frequencies [38] [39] [40] , which is now frequently achieved in experiments [41] [42] [43] [44] [45] [46] [47] [48] [49] [50] [51] [52] [53] [54] . Interestingly, most quantized models are well suited to describe the strong coupling regime [20, 21, 55] , while a corresponding theory for the ultrastrong coupling regime of SPPs is still missing.
Field quantization in dispersive media is a longstanding problem [56] [57] [58] [59] [60] [61] [62] [63] [64] [65] [66] [67] [68] [69] [70] [71] [72] [73] [74] [75] , which also arises in the context of phonon-photon interactions [76] [77] [78] [79] [80] . For instance, surface phonon polaritons stemming from the coupling between light and ionic charges typically occur in the reststrahlen band of polar crystals [81, 82] . Surface phonon and plasmon polaritons can not generally coexist due to the screening of the ion charges by electrons. Nevertheless, exceptions exist such as bilayer graphene [83] , alkali-doped C 60 [84, 85] , organic conductors such as K − TCNQ [86] [87] [88] , as well as some transition metal compounds [89] . Whether the strong light-matter interactions stemming from the coexistence of plasmons and phonons with large oscillator strengths can affect the quantum properties of the crystal itself is an interesting prospect, which has remained unexplored.
In this work, we propose and investigate the possibility to tune material properties of certain crystals via an hybridization of phonons, plasmons, and photons which is intrinsic to the material, i.e., without the use of an external resonator. We find that strong lightmatter interactions within the crystal offer a unique possibility to control the phonon energy and momentum by tuning the electron density and the crystal thickness: A "dressed" low-energy phonon arises in the ultrastrong coupling regime, where the different coupling strengths become comparable to the phonon frequency. This dressed phonon is shown to exhibit unusually large momenta comparable to the Fermi wave vector in the case of quasi-2D crystals, which could therefore affect key material properties such as, e.g., the electron-phonon scattering. We provide realistic parameters showing that this situation may occur in bilayer graphene.
We utilize a self-consistent Hamiltonian method that is valid for all regimes of interactions between light and matter in the absence of dissipation. This approach is based on a generalization of that introduced by Todorov [90] , and proceeds according to the following scheme: i) We diagonalize the matter Hamiltonian leading to plasmon-phonon hybridization in the crystal; ii) We derive the coupling Hamiltonian of the new hybrid modes to photonic degrees of freedom, which provides a functional relation between the field penetration depths and the surface mode frequencies; and iii) We determine these two latter parameters self-consistently as follows: Starting with a given surface mode frequency, we use the Helmholtz equation to compute the field penetration depths entering the Hamiltonian. The latter is diagonalized and the algorithm is repeated with the lowest eigenvalue as a new surface mode frequency, which is again used to construct a new Hamiltonian until convergence. Our method can be easily generalized to various geometries and surrounding media, and differs from the usual effective quantum description of strong coupling between excitons and quantized SPPs [20, 21] . We show in the supplemental material [91] that the latter model leads to unphysical behaviors in the ultrastrong coupling regime.
We consider a crystal of surface S and thickness in air, featuring a long-wavelength plasmon mode with plasma frequency ω pl and an optical phonon mode with frequency ω 0 . Both plasmons and phonons are polarized in the directions u z and u / / = r/r (Fig. 1) . The Hamiltonian is derived in the Power-Zienau-Woolley (PZW) representation [92, 93] , which ensures proper inclusion of all photon-mediated dipole-dipole interactions, and can be decomposed as H = H pt + H mat−pt + H mat . The photon Hamiltonian reads
, with c the speed of light in vacuum, R ≡ (r, z) the 3D position, and 0 the vacuum permittivity. The light-matter coupling term is H mat−pt = − 1 0 dR P(R) · D(R). Here, P = P pl + P pn denotes the matter polarization field associated to the dipole moment density, where P pl and P pn correspond respectively to the plasmon and phonon contributions [94] , and D and H are the displacement and magnetic fields associated to photonic degrees of freedom. The matter Hamiltonian H mat consists of the free phonon and plasmon Hamiltonians, as well as a term H P 2 = 1 2 0 dR P 2 (R) containing the contributions of both plasmons and phonons ∝ P represented as a function of ω pl /ω0 for νpn = 0.5ω0. The surface polaritons generated by the coupling of these modes to light propagate along the two metal-dielectric interfaces with in-plane wave vector q. i) Diagonalization of the matter Hamiltonian: In order to first diagonalize H mat , P pn is written in terms of the bosonic phonon operators and is proportional to the ionic plasma frequency ν pn = Z 2 N M 0a 3 , which plays the role of the phonon-photon coupling strength [91] . N denotes the number of vibrating ions with effective mass M and charge Z in a unit cell of volume a 3 . The plasmon polarization is provided by the dipolar description of the free electron gas [90] corresponding to that of the random-phase approximation [95] (RPA). In the longwavelength regime, P pl is written in terms of bosonic plasmon operators, superpositions of electron-hole excitations across the Fermi surface. H mat can be put in the diagonal form H mat = Q,α,j=1,2 ω j Π † Qjα Π Qjα [91] , where the hybrid plasmon-phonon annihilation and creation operators satisfy the bosonic commutation relation [Π Qjα , Π † Q j α ] = δ Q,Q δ j,j δ α,α , and the hybrid mode frequencies [ Fig. 1 b) ] read:
Here, j = 1 and j = 2 refer respectively to the signs − and +, and the renormalized phonon square frequency ω
pn is determined by the combination of the short-range restoring force related to the phonon resonance, and the long-range Coulomb force associated to the ion plasma frequency. The diagonalization procedure of H mat further provides the transverse dielectric function of the crystal:
which was derived from a Green's function analysis in Ref. [81] . One can then use the eigenmodes basis of the matter Hamiltonian to express the total polarization field as:
with
In the absence of phonon-photon coupling (ν pn = 0), the two modes j = 1, 2 reduce to the bare phonon and plasmon. A similar situation occurs for ν pn = 0, in the case of large plasmon-phonon detunings. Both in the high ω pl ω 0 and low ω pl ω 0 electron density regimes, the hybrid modes reduce to the bare plasmon and phonon excitations, and the plasmon contribution prevails in the polarization field Eq. (3). This simply results in the formation of SPPs in addition to the bare phonons, with renormalized frequency ω 0 in the case ω pl ω 0 (Fig. 1) . In the following, we focus on the most interesting case occuring close to the resonance ω pl ∼ ω 0 , where plasmon-phonon hybridization occurs.
ii) Coupling to photons: The 3D wave vector can be split into an in-plane and a transverse component in each media as Q = qu / / + iγ n u z , where n = d, cr refers to the dielectric medium and the crystal, respectively. For a given interface lying at the height z 0 , the electromagnetic field associated to surface waves decays exponentially on both sides as e ±γn(z−z0) with the (real) penetration depth γ n . The displacement and magnetic fields can be written as superpositions of the fields generated by each interfaces m = 1, 2, namely
S e iq·r v qm (z)H qm , with w q the frequency of the surface waves (still undertermined). The mode profile functions u qm (z) and v qm (z) depending on γ n are provided in [91] . Using these expressions, the photon Hamiltonian takes the form:
where the overlap matrix elements A mm q and B mm q
depend on the parameters γ cr and γ d [91] . The next step corresponds to finding the electromagnetic field eigenmodes, which consist of a symmetric and an antisymmetric mode [96] , such that the photon Hamiltonian can be put in the diagonal form: [90, 91] . The lightmatter coupling Hamiltonian H mat−pt is then derived using the expression of D(R) in the new basis together with Eq. (3). While q is a good quantum number due to the in-plane translational invariance, the perpendicular wave vector of 3D plasmons q z is not and in H mat−pt , photon modes with a given q interact with linear superpositions of the 3D plasmon-phonon hybrid modes exhibiting different q z . The latter are denoted as quasi-2D "bright" modes, and are defined as π qσj = qz,α f ασ (Q)Π Qjα , where f ασ (Q) stem from the overlap between the displacement and the polarization fields and is determined by imposing the commutation relations [π qσj , π † q σ j ] = δ q,q δ σ,σ δ j,j .
In total, the PZW Hamiltonian reads:
with the vacuum Rabi frequency:
iii) Self-consistent solutions: This Hamiltonian exhibits three positive eigenvalues in each subspace (q, σ), and only the lowest two [refered to as lower (LP) and upper polaritons (UP)] correspond to surface modes since located below the light cone. At this point, we have built an Hamiltonian theory providing a functional relation between the field penetration depths γ n in the crystal and dielectric media (n = cr, d) and the surface wave frequencies w qσζ , where ζ = LP, UP refer to the lower and upper polaritons, respectively. As explained in [90] , one can combine this Hamiltonian with the Helmholtz wave equa-
n in order to determine these parameters. Specifically, we use a self-consistent algorithm which starts with a given frequency w qσLP , then determine γ n from the Helmholtz equation with d = 1 and cr (w qσLP ) given by Eq. (2), and use these γ n to compute the parameters entering the Hamiltonian Eq. (4). The latter is diagonalized using the Hopfield-Bogoliubov method [91] , which allows to determine the new w qσLP . The algorithm is applied independently for the symmetric (σ = +) and antisymmetric (σ = −) modes until convergence, which is ensured by the discontinuity of both light and matter fields at each interface [90] .
We now use this method to study the surface polaritons in our system. As an example, we consider the case ω pl = 1.5ω 0 with different crystal thickness q 0 = 10 [ Fig. 2 a) ] and q 0 = 0.01 [ Fig. 2 b) ], and compute the surface polariton frequencies w qσζ (top panels), as well as their phonon (i = pn), plasmon (i = pl), and photon (i = pt) admixtures W LP i,qσ for ν pn = 0 and ν pn = 0.5ω 0 (bottom panels). Precise definitions of these quantities are provided in [91] , and and q are both normalized to q 0 = ω 0 /c. Considering typical mid-infrared phonons with ω 0 ∼ 0.2eV, the two dimensionless parameters q 0 = 10 and q 0 = 0.01 correspond to = 10µm (first case) and ∼ 10nm (second case), respectively.
In the first case [ Fig. 2 a) ], the two surface modes at each interface have negligible overlap and the modes σ ± therefore coincide. For ν pn = 0, the plasmon-photon coupling is responsible for the appearance of a SPP mode (black line) with frequency ξ q , which enters in resonance with the phonon mode at q ≈ 2.2q 0 . While for0 this SPP is mainly composed of light (ξ q ∼ qc), it features an hybrid plasmon-photon character for q ∼ q 0 , and becomes mostly plasmon-like as ξ q approaches asymptotically the surface plasmon frequency ω pl / √ 2. For ν pn = 0, a splitting between the two polaritons branches (thick red and blue lines) is clearly visible, and the latter consist of a mix between phonons, plasmons, and photons in the vicinity of q = q 0 . In the regime q > q 0 , since the mostly phonon-like LP exhibits a ∼ 25% plasmon admixture, this polariton mode can be seen as a "dressed" phonon with frequency red-shifted from ω 0 . Similarly, the "dressed" plasmon mode (UP) is blueshifted from the surface mode frequency ω pl / √ 2 due its ∼ 25% phonon weight.
The frequencies of the antisymmetric LP (red lines) and UP (blue lines) at resonance are represented as a function of ν pn /ω 0 for ω pl = 1.5ω 0 on the inset. Here, the resonance is defined by the condition ξ q− = ω 0 , which provides q ≈ 2.2q 0 . We observe that the polariton splitting w qσUP − w qσLP is symmetric with respect to w qσζ = ω 0 (black dashed line) for ν pn ω 0 , and becomes asymmetric in the ultrastrong coupling regime [38] , when ν pn becomes a non-negligible fraction of ω 0 . Furthermore, the splitting is found to decrease rapidly as the electronic plasma frequency ω pl is increased. In the second case q 0 = 0.01 [ Fig. 2 b) ], the crystal is thinner than the penetration depth γ cr of the surface waves at the two interfaces, and the latter overlap. This results in two independent sets of modes σ = ± with different frequencies. For ν pn = 0, the symmetric and antisymmetric SPPs with frequency ξ qσ=± are represented as black dashed and solid lines, respectively. The resonance between the symmetric SPP and the phonon mode occurs at q ∼ q 0 , in the regime where the symmetric SPP is mostly photon-like with ξ qσ=+ ∼ qc. Interestingly, the resonance between the antisymmetric SPP and the phonon mode is now shifted to a large wave vector q ≈ 220q 0 , where the antisymmetric SPP exhibits a pure plasmonic character. For q/q 0 → ∞, the two SPPs σ = ± converge to the surface plasmon frequency ω pl / √ 2. For ν pn = 0, the antisymmetric LP (thick red solid line) and UP (thick blue solid line) are split in the vicinity of the resonance, while the symmetric polaritons (thick colored dashed lines) do not feature any anticrossing behavior ∀q. Similarly as in a), the LPs σ = ± can be seen as dressed phonon modes with frequencies red-shifted from ω 0 for large q due to their plasmon admixtures.
The ability to tune the energy and wave vector of the dressed phonon by respectively tuning the electronic plasma frequency and crystal thickness opens up interesting perspectives to modify the electron-phonon scattering leading to superconductivity in certain materials [97] [98] [99] [100] [101] [102] [103] . For instance, bilayer graphene with ∼ 0.7nm [104] exhibits an infrared-active phonon mode at ω 0 = 0.2eV [83] , and features superconductivity at low carrier densities ≈ 2 × 10 12 cm −2 when the two sheets of graphene are twisted relative to each other by a small angle [103] . In this regime, we find that ω pl ≈ ω 0 , q 0 ≈ 7 × 10 −4 , and the large phonon-photon coupling strengths ν pn ≈ 0.25ω 0 [83] allow to reach the ultrastrong coupling regime. The typical momemtum exchanged by two electrons during a scattering event induced by the electron-phonon interaction corresponds to the Fermi wave vector K F ≈ 1.6 × 10 3 q 0 . Despite the absence of resonance between the phonon mode and the antisymmetric SPP since ω 0 > ω pl / √ 2 in this case, we find that the antisymmetric LP for q ∼ K F is composed of half a phonon and half a plasmon, and occurs at low energy w q=KFσ=−LP ≈ 0.5ω 0 . It is an interesting prospect to investigate whether this dressed phonon mode can affect superconductivity in bilayer graphene or other materials.
In summary, we have carried out the first quantum theory of lossless plasmon-phonon polaritons valid for arbitrary large coupling strengths, and discussed the different regimes of interest obtained by tuning the crystal thickness and the phonon-photon coupling strength. In particular, we have found that in the regime where both the electronic and ionic plasma frequencies become comparable to the phonon frequency, a dressed low-energy phonon mode with finite plasmon weight arises. For quasi-2D crystals with q 0 1, the in-plane wave vec-tor of this dressed phonon can reach very large values ∼ K F , which could affect superconductivity in certain molecular crystals [97] [98] [99] [100] [101] [102] [103] . While our model specifically adresses the case of metallic crystals with rather large ionic charges supporting far/mid-infrared phonons [83] [84] [85] [86] [87] [88] , it can be directly generalized to describe other type of excitations such as excitons, and extended to various geometries. Further useful extensions include the case of 2D materials in the presence of disorder and dissipation.
SUPPLEMENTAL MATERIAL
In this supplemental material, we provide details of the calculations sketched in the main text. The first section is dedicated to the derivation and diagonalization of the matter Hamiltonian leading to hybrid plasmon-phonon modes, and the second section to the light-matter coupling Hamiltonian involving photonic degrees of freedom. We explain the self-consistent Hamiltonian method in detail and define the plasmon, phonon, and photon admixtures of the surface polaritons. Further details concerning the theoretical foundations of the model can be found in Ref. [90] . In the last section, we study an elementary plasmonic structure composed of a single metal-dielectric interface, where phonons in the dielectric region strongly interact with SPPs. We use an effective model similar to that of Refs. [20 and 21] , which is based on the SPP quantization scheme detailed in Refs. [57, 59, [72] [73] [74] , and show that unphysical behaviors appear in the ultrastrong coupling regime.
Matter Hamiltonian
The matter Hamiltonian involves both electronic and phononic degrees of freedom through the total polarization field P = P pl + P pn , where 2K+Q (2K+Q)·Q , where n K denotes the Fermi occupation number at zero temperature, namely n K = 1 for K < K F and n K = 0 for K > K F . The electron charge and mass are denoted as e and m, respectively.
Denoting the lattice site positions as R i , where i ∈ [1, n] with n the number of unit cell in the crystal, the phonon polarization field can be written as:
Here 
with a 3 the volume of a unit cell. The matter Hamiltonian can be decomposed as
KQ P KQ is the effective Hamiltonian providing the energy of the electron-hole pairs created across the Fermi sea ∆ω K,Q = ω K+Q −ω K , with ω K = K 2 /2m. The free phonon Hamiltonian reads H pn = Q,α ω 0 B † Qα B Qα , and the interaction term H P 2 is proportional to the square polarization field:
This term thus contains the contributions of both plasmons and phonons ∝ P 2 pl and ∝ P 2 pn , respectively, as well as a direct interaction term ∝ P pl · P pn between electronic and phononic excitations. Replacing Eqs. (5) and (7) into Eq. (8) and performing the spatial integration, the matter Hamiltonian is derived as:
where we have introduced Λ
ξ KQ · u α . The Hamiltonian Eq. (9) can be diagonalized using the Hopfield-Bogoliubov method [105] , by introducing collective eigenmodes on the form:
The condition for these modes to diagonalize the Hamiltonian Eq. (9) is then [Π Qj , H mat ] = ω j Π Qj . Computing this commutator and introducing the vector:
we obtain the following relations for the transformation coefficients entering Eq. (10):
Introducing the orthogonal basis (Q/Q, u Q1 , u Q2 ), where u Qp (p = 1, 2) denote the two transverse polarization vectors, Z Qj can be decomposed into its longitudinal and transverse components. Solving for the transverse components, one can replace Z Qj = Z Qj u Qp in Eq. (12), and Eq. (11) turns out to be equivalent to cr ( ω j )Z Qj = 0, where
represents the transverse dielectric function of the crystal. To obtain this result, we have used the definition of the electronic plasma frequency ω pl = ρe 2 m 0 with ρ the electron density, α u α · u Q,p = 1, as well as the identity:
in the so-called dynamical long-
is the Fermi energy). Note that in this regime:
and Eq. (14) reduces to the Lindhard function which describes the longitudinal response of a free electron gas [106] . The two eigenvalues ω j can be determined by solving the equation cr ( ω j ) = 0, which provides the solutions given by Eq. (1) of the main text. As explained in detail in Ref. [90] , the vector Z Qj can be decomposed as Z Qj = N j R j u Qp when solving for the transverse modes, where R j are determined by computing the residues of the inverse dielectric function:
and are derived as:
The constant N j can be found by using the normalization condition: (12) with Z Qj = N j R j u Qp , as well as the identity:
which can be derived similarly as Eq. (14) in the dynamical long-wavelength limit, we obtain:
Finally, we use Eqs. (5), (7), (10), (12) , the decomposition Z Qj = N j R j u Qp , as well as the identities
to write the total (transverse) polarization field as:
Since the crystal is assumed to be isotropic, one can choose the transverse polarization vectors u Qp to coincide with u α (α = z,//), and using Eqs. (15) and (16), the polarization field Eq. (17) coincides with Eq. (3) of the main text. In the new basis, the matter Hamiltonian takes the simple form:
where H dark denotes the neglected contribution of the "dark" modes associated with the electron-hole continuum of incoherent excitations.
Light-matter coupling Hamiltonian
In order to derive the light-matter coupling Hamiltonian H mat−pt , we first need the expression of the displacement field D(R). The latter can be found by generalizing Todorov's approach [90] 
and
Replacing these expressions into
and performing the integrations, the free photon Hamiltonian is derived as:
with the overlap matrix elements: 
which provides C qσ = wqσ 2cβqσ [90] . One can then write the field D(R) in terms of the new photon eigenmode operators D q± , and replace it in the light-matter coupling Hamiltonian H mat−pt = − 
after spatial integration. The function F ± (Q) stems from the overlap between the displacement and the polarization fields and reads F ± (Q) = (F 2 (Q) ± F 1 (Q)) / √ 2 with:
We now introduce the quasi-2D "bright" modes π † qσj = qz,α f ασ (Q)Π † Qjα and its hermitian conjugate, which consist of linear superpositions of the 3D plasmon-phonon hybrid modes with different q z , and where f ασ (Q) reads:
The normalization constant N qσ is determined by imposing the bosonic commutation relations [π qσj , π † 
we finally obtain: 
Note that the existence of a symmetry plane at z = /2 implies that the symmetric and antisymmetric bright modes commute, i.e. [π qσj , π † q σ j ] = δ q,q δ σ,σ δ j,j , which can be checked using Eqs. (20) and (21) . On the other hand, the commutation relation with respect to j follows directly from the diagonalization of the matter Hamiltonian presented in the first section. One can then use Eq. (22) combined with the definition of the bright modes to write the lightmatter coupling Hamiltonian Eq. (19) in the form given by Eq. (4) of the main text.
The total Hamiltonian Eq. (4) of the main text can be diagonalized numerically using a Hopfield-Bogoliubov transformation [105] , namely by introducing the polariton eigenmodes of the system on the form:
together with the condition [P qσζ , H] = w qσζ P qσζ . Computing this commutator, one can easily show that the polariton frequencies w qσζ in each subspace (q, σ) are given by the 3 positive eigenvalues of the matrix:
Out of these three eigenvalues, only the lowest two correspond to surface modes as located below the light cone. These two surface modes are denoted as lower and upper polaritons with frequencies w qσLP and w qσUP , respectively. In order to compute these frequencies, we use a self-consistent algorithm which consists in starting with a given frequency w qσLP , then determine the penetration depths in each media from the Helmholtz equation n (w qσLP )w 
